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The explicit formula shows that the
distribution of primes is closely related to
the location of zeros of ECS Next we see
what we obtain under the most optimistic assumption
about the location of Zeros RH

Theorems Erron term under RH
The Riemann hypothesis is true if andonly if
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Proof Applying ExplicitFormula with x T we have

4 x x gig 0 logx

Now suppose all non trivialzeros have Rels
For n 5 there are O log n Zeros with 1 up n n 13
and each one contributes 04
Therefore 4 x O 1 tn dayx



Xt 0 log x

By partialsummation initially in Recs 1

Y S Nnn's s vly y'stdy
1

Suppose Y X R X where RIX ax
E

4s Sets Rex x dx

Then integral is holomorphic for Resistte
so 91s is Zero free in this region

Unfortunately RH is completely out of
reach but we have some understanding for
zero free regions

Theorems Zero free region for9157
There exists a constant cso such that
if f 5 it is a non trivialzence ofECS
then T 1 Stitt
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Proof We have thefollowing key elementary identity
For α ER 3 4 cos α cos 21 Casa 20

Note thatfor r 1
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Therefore for Ts 1 we have
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c so a constant b lat
Let 11022 and t Then by partial
fraction expansion of 1s wehave for s Fait
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Also recall that 0 011
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Hence there exists an absoluteconstantCa suchthat
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choose
r 1 Eft for some d 0

Then β I It IFElest
Let o we have β L 1 telegt
This
proves

theorem if Imf Co By symmetry
it follows for all s with 1mg Co
We have finitely many zeros with 11mg

Co

and all away bounded away from Reis 1 his Co

So theorem follows if Cso sufficiently small

We choose co such that f it 0 for one Co

Such co exists because fis haspole at 1
9151 1.1 011

This zero free region is enough toprove PNT

Theorems There exists a constant a 0
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Proof We know that for 2 TEX we have

41 3 to 11

For each5 in the sum we have 1
8 P'S Est

Therefore 4 x 0 Efs 0 1
There are O log 1 n teneswith 11ms E n n 13
therefore the sum is of size O logT

Choose T exp age to balance size
of error terms Then we find indeed that
for a suitable constantCss 0

Y x 0 x expl cytagx

say CL min E

Rement Recall thatfor any so C o N EN

lay 2C exp c Jlgx X

Corollary Prime number theorem

T x Li x 0 expl c x



Proof Recall G Ex logp
We showed 067 YCx 0 x ily x

G X 0 exp c tgx
By partialsummation x
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Mainterm Note that Kt Flyts
Therefore
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Errorterm Note that t test
is an increasing

function

Hence at Es Ittion
ccx.ee this is OCI



Our next goal is to study primes
in arithmetic progressions a mod 2

We already saw that if a q 1 then
there are infinitely many primes a modq
Moreprecisely if mode is non principal
then 11 x to Dirichlet's theorem and
this implies distribution results of the form

E be log x 012 this estate
PEACE Mertens is weaker than PNT

Wewant to obtain stronger results an

equivalent ofprime number theorem in arithmetic

progressions but also with uniformity in g
From now on consider g a parameter

alongside
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For a character mod2 define

Q X x Exam Nn

Then 4 x 9 a Exl̅a Q X X

by orthogonality of characters

Also we see that for Recs 1 we have

E.tt
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Hence as in theproof of PNT we studied
theproperties of s we now study 92
in particular the location of zeros f of
Us x play an important role

Lemme let a primitive character modulo q
for 9 2 Then for 1 T 2

ftp.ets
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the sum is over non trivialzeros f of LIS x
with multiplicity



Proof same as for is but there is no

pole at 5 1 see exercises

Next we need a variantof a zero free

region of LIS x

Theorems There exists an absolute constant c o

such that if X a character need q
then the region Rq S Recs 1

EIn 1
contains no zero of LIS x
unless X is quadratic in which case L S X
has at most one necessrilly real and simple
zero in Rq

Such a zero if it existsFlefilled exceptional zero or Siegel zero

Proof next time As a corollary we obtain

theorem There exists a constant Cys 0 such
that if q exp 2C Mayx and
LLS X has no exceptional zero then

4 x x 1xx 0 exp Cag



If LIS X has an exceptional zero Be then

Y x x 1 0 x exp c g
Proof Exercise

Remarks this shows that PNT in AP would
follow easily if we have no Siegel Zeros
We need a way to control size of Siegel zeros

Also note that PNT in AP follows for
modulus 2 bounded by constant 1 since there

are finitely many
characters of modulus g

their real zeros are uniformly boundedaway
from 1 So we now can provefor example

T X 10 1 Li x 0 x expl cityx
There are ways to control the size of
Siegel zeros beyondthe scope ofthis course
and it is possible toprove PNT in AP
uniformly for all q log x Aso



Theorems Siegel Walfist
Let Aso there existe c c A so such that

for all q log x and 19 g 1

Y X q a to x e

and T x 2 a

tiff to
EA

Tipsble to obtain stronger results if we
are interested in average of error terms rather
than bounding each individual one
Let E x q ME1141 12 a Xp

thefEE.it txg eaex
some Aso

Then
Eamy Ely 2

0 QX lgx5

This shows thataverage error term is O Gx
as good as RH T


